Charge density waves are ubiquitous phenomena in metallic transition metal dichalcogenides. In NbSe2, a trigonal 3×3 structural modulation is coupled to a charge modulation. Recent experiments reported that a trigonal-stripe transition occurred at the surface, possibly due to local strain and/or accidental doping. We employ ab-initio calculations to investigate the structural instabilities arising from strain in a pristine single layer and analyze the energy hierarchy of the structural and charge modulations. Our ab-initio calculations support the observation of phase separation between trigonal and stripe phases in NbSe2 single layers and surface in the clean limit, reproducing it with the observed wavelength.
Transition metal dichalcogenides are among the most exciting hosts for ordered phases, such as superconductivity and charge/spin modulations [1] [2] [3] [4] [5] , showing strong evidences for cooperative interaction between them [6] . The coexistence of these phases is counter-intuitive, considering they are collective electronic modes which build an excitation gap, hence requiring a large number of electrons available at Fermi level. Since early works [7] [8] [9] , the transition to a charge/spin ordered state driven by the electron gas at Fermi level was questioned, also on the basis of an intricate coexistence of superconductivity with charge density waves (CDWs) [2, 4, 5, [10] [11] [12] ; recently, the electronically driven mechanism was ruled out [13] [14] [15] [16] [17] [18] [19] in favor of a momentum-assisted mechanism [8, 10, 18, [20] [21] [22] 24] , which is likely influenced by external conditions, such as applied fields [12, 25] or epitaxially induced strain [26, 27] , and chemical [7, 28, 29] or gate [27, 31] doping.
Further intricacies arise from the occurrence of these phenomena at the surface or single layers, which may be accompanied by dramatic changes in structural and electronic degrees of freedom [32] [33] [34] [35] [36] [37] [38] . Lack of inversion symmetry and van der Waals bonded layers may result in remarkably different behavior with respect to the bulk [39] [40] [41] . The 2H-1T crystal phase transition at the surface of NbSe 2 [42, 43] (the 1T crystal phase is unstable in the bulk [44] ), the occurrence of 4 × 4 [3, 4] and/or a 2 × 2 [4] modulations, linked to a stripe phase, and the observation of distinct charge density wave structures, determining a factor for the incommensuration character [6] , are just a few recent examples. A change from the 3×3 to the 4×4 modulation was previously predicted by ab-initio studies [20, 48] ; on the other hand, a recent study [5] showed that within a 3 × 3 modulation, uniaxial strain leads to a trigonal-stripe CDW stransition. However, phase transitions remain often latent because they are suppressed by growing/synthesis conditions or quantum fluctuations. In this respect, discerning intrinsic from extrinsic characteristics is crucial to understand these phases and finding possible routes to their manipulation.
In order to shed light into the competition and coexistence of various periodicities and structures, we present a study based on phonon calculations and a full set of total energy calculations of single layer NbSe2 without defects. We establish an energy hierarchy for a large range of structures and we find a connection with the 3q-1q (triangular-stripe) transition. The present manuscript investigates such transition, showing that it is incipient (occurs) in the 3 × 3 (4 × 4) modulation.
Our results are obtained by ab initio calculations within the formalism of the density-functional theory (DFT). The projected augmented wave (PAW) method with Perdew-Burke-Ernzerhof (PBE) pseudopotentials [50, 51] , as implemented in the Quantum ESPRESSO suite [52, 53] and the Vienna Ab-initio Simulation Package (VASP), is used. The relaxation of the unit cell and the computation of its relative phononic spectra are run in the former code, while structural relaxation, total energy calculations and charge distributions are performed with the latter. Further computational details are given in the supplemental information.
Structural relaxation of the unit cell yields an in-plane stress of 7. [6] results.
The deepest trough signalling the instability (the lowest value of (ω(q))
2 ) is found off the ΓM line for no strain, in a region towards the periodicity [20] , see FIG. S1. The sharp minima in the phonon dispersion of the single layer, located near the √ 13 × √ 13 region, support a recently observed 2H-1T structural transition [42, 43] .
Compressive strain reduces instabilities along the MK line and the minima of (ω(q)) 2 dominate around 2/4 ΓM (off the high symmetry line), FIG. 1. Conversely, a zone of instability centered around, but not including, M becomes dominant under tensile strain, and further local minima of (ω(q)) 2 appear at 2/4 ΓM, supporting recent reports [4] for which both 2 × 2 and 4 × 4 periodicities arise under tensile strain.
We now explore the CDW formation by total energy calculations in different supercells. Each one has a periodicity which is the smallest possible in agreement with the calculated phonon spectra; in addition, we refer to experimental findings [4, 6] . We study a representative number of structures for each periodicity (in the 3 × 3 periodicity we study three known CDW structures [6, 7, 48, 55] anew, complementing previous studies with the trend of the energy hierarchy upon strain); here we refer to them as hexagonal (HX), chalcogen centered trianglular (CC), and hollow centered triangular (HC). Total energy calculations are used to test whether and how each periodicity can give rise to a CDW structure.
Supercell calculations show that all 2 × 2 structures relaxed to the symmetric structure with the same energy for all values of the strain; therefore, no 2 × 2 periodicity is expected for a free-standing single layer. Structures related to the 2×3 periodicity are instead found to relax to a stripe phase (different structures converge to a unique phase), see FIG. S2, which also illustrates how HC and CC can merge. The existence of such periodicity represents a solid explanation for the boundary between HC and CC CDW structures observed via STM [6] in regions where the two coexist. Three structures are found with the √ 13 × √ 13 and with the 4 × 4 periodicity, all competing with the 3 × 3 CWDs, and they are illustrated in FIG. S3 , supplemental information. In particular, the ones in the 4 × 4 supercell are favored with respect to the well known 3 × 3 modulations under compressive strain. In general, phononic calculations support the idea that a plethora of structural modulations is available in single layer NbSe 2 , which compete under certain circumstances (such as epitaxial strain, charge transfer or proximity effects). Total energy results are summarized in TABLE I.
Three structures with the 4 × 4 periodicity exist at the equilibrium lattice constant, two of them characterized by a single ordering vector (1q and 1q ), favored with respect to a third one, characterized by three equivalent ordering vectors (3q); the latter also degenerates into the 1q (1q ) for compressive (tensile) strain, see FIG. 2. A remarkable agreement between the measured [3] and calculated wavelength of the modulation (∼ 12Å and 11.8Å, respectively) and the FT of the resulting charge distribution ( TABLE I ; as a consequence, separated regions may host different CDW phases [6] connected by a boundary. The present manuscript supports this idea, giving it solid grounds in terms of total energy calculations and structural analysis, pointing to a 2 × 3 modulation as the boundary between the 3 × 3-modulated HC and CC CDW phases.
The isotropic nature of the simulated strain in the work presented here (as opposed to a work on uniaxial , raises interesting points of discussion, such as the behavior of the electron-phonon coupling in NbSe 2 and the competition of various order parameters in the CDW phase. In the work by Flicker and van Wezel [5] , phonon fluctuations suppress long-range order in favor of a short-ranged pseudogap phase with a 3q phase, which degenerates into a 1q phase upon uniaxial strain. Our finding show that isotropic strain is sufficient to reduce the symmetry of the charge distribution (hence, of the ordering parameters space), if a different periodicity (4 × 4, supported by phonon and total energy calculations) is assumed. On the other hand, isotropic strain in a 3×3 periodicity induces only an incipient stripe phase with a 3×3 periodicity, see FIG. S5 in the supplemental information.
The modulation itself, and not merely the strain, determines the relation between the order parameters, because the electron-phonon interaction and the periodic lattice modulation are strictly related [56] . Moreover, FIG . S5 in the supplemental information, shows how the ground state CDW of the 3×3 modulation behaves under strain. The HC and CC CDW structures are distinct under tensile strain and at the equilibrium lattice constant, but the HC degenerates into the CC for compressive strain, reinforcing the hypothesis that the boundary between these two CDWs are accompanied by the formation of a CDW with 2 × 3 periodicity.
With reference to FIG. 3 , we compare the density of the electronic states (DOS) of the single-vector CDWs FIG. 3 . Density of the electronic states (DOS) of the non modulated structure (in black) and two representative CDW structures with a 4 × 4 periodicity, 1q and 3q (DOS curves for CDW structures with a single ordering vector do not differ sensibly). The value of the DOS is rescaled for one unit cell, for a meaningful comparison between DOS curves of different supercells.
(denoted both as 1q because their DOS curves have no substantial difference) and the 3q CDW structures. The 3q CDW features a DOS with a clear and narrow dip at ∼ −0.08 eV and an enhancement of the spectral weight at Fermi level, whereas the 1q CDW features a depletion of spectral weight around Fermi level. Accordingly, a CDW phase change, as resolved in direct space [8] of the 3q CDW is observed, see FIG. S6 in the supplemental information. The symmetry of the 3q CDW becomes dispersive below the Nb band, at the bottom of which a stripe character is observed. This confirms that the character of the interaction responsible for such CDW is moderately correlated, in line with previous studies [10] . Finally, the enhancement of states at Fermi level suggests an enhanced transition temperature for the superconducting phase from the 3q CDW -compare its spectral weight with that of other CDWs [7, 48] . However, the DOS curve of the 1q CDW is in stronger agreement with experimental data [34] , featuring a depletion of states at Fermi level.
In conclusion, we demonstrated that the stripe phase in single layer NbSe 2 is associated to a 4 × 4 modulation, highly favored by compressive, isotropic strain; moreover, we investigate the connection between triple and single ordering vectors geometries in the 4 × 4 modulation. Conversely, the 3 × 3 periodicity allows only an incipient 3q-1q transition under strain, but an interesting connection is found between the ground state CDW structures, reporting their structural character and energy competition.
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, and 4 × 4 × 1 supercells, respectively, keeping approximately an equal distance between k-points.
II. RESULTS
We undertake an investigation of many possible modulations via a unit-cell phonon study combined with total energy calculation, and compare our results to recent findings, showing a considerable agreeement between the observed stripe character and the 4 × 4 modulation [S3, S4] . It is worth noting that our results are obtained for isotropic in-plane, instead of uniaxial strain [S5] .
Despite phononic signatures for a √ 7 × √ 7 reconstruction are weak (the instabilities run into that direction, but they are still far from it), supercell calculations have been performed in such supercell; no stable CDW has been found -i.e., among all the distortions tested, all of them relaxed, with the same energy, to the undistorted structure.
The structures in the √ 13 × √ 13 periodicity retain some structural features of the HX, CC, and HC structures of the 3 × 3 periodicity, and are named, accordingly, chalcogen centered triangle with threefold counterclockwise star (CCccws), hexagonal with small chalcogen centered triangle (HXCC), and hollow centered large triangle (HC), see Addressing the question on the complex coexistence of CC and HC phases [S6] , we advance the hypothesis that it occurs along boundaries of a 2 × 3 CDW. Energy comparison with the other CDW structures -TABLE I in the main text-puts it on solid grounds. Eventually, we argue that an incipient stripe character is present even in the 3 × 3 periodic structures, which coexist with their related higher symmetric phases, in agreement with recently predicted doping-driven structures [S7] .
We also show the charge distribution of the 4 × 4 3q phase computed for different energy intervals in FIG. S6 . The charge distribution visualized at different energies shows different peaks and troughs. The displacement of the maxima with respect to the underlying structure is referred to as CDW phase, and its change is related to the emergence of a CDW energy gap [S8] . The case of the 3q CDW is quite interesting because its DOS shows a dip around −0.08 eV. However, it is farther from Fermi level that its phase shows remarkable changes.
In the STM studies used for comparison, the coexistence of different modulations and CDW structures is likely due to local strain. Regions with different different interlayer coupling (between the NbSe 2 layer and the substrate), may correspond to different values of strain, governing the 3q and 1q regions separation. In addition, coexistence of different modulation and/or CDW structures may result from a complex energy hierarchy between modulations and between structures, where in-plane strain may play a role in changing such hierarchy. 
